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ABSTRACT
A method based on differential geometric control theory
is presented with the intention to provide insight into how
the nodes of a power network can affect each other. We
consider a simple model of a power system derived from
singular perturbation of the power flow equations. The ac-
cessibility properties of the model are investigated, and it is
shown that for a simple model with chain topology the net-
work is actually feedback linearizable. The results are illus-
trated using input/output linearization in a standard IEEE
test system with 118 busses.
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1 Introduction

Dynamical analysis of large electric power networks is in-
creasingly important as power systems become larger and
more interconnected and are operated close to stability lim-
its. An important aspect of the dynamical behavior of
power systems that is particularly difficult to codify is that
directly related to its network structure. The connectivity
implies that any change at one bus necessarily affects all
busses, so that fundamental questions such as how power
from a given bus is distributed in the network are quite sub-
tle.

In this paper we use geometric control theory to an-
alyze the network-dependent structure of power systems.
We construct minimally complicated dynamical models of
power networks as affine nonlinear control systems and use
these to investigate how the inputs of a given node of the
network influence the other nodes.

2 Dynamical models of power networks

An electric power network can be usefully modeled in the
context of what are known as “coupled cell” systems in the

nonlinear dynamics and control literature. The cells corre-
spond to busses of the power networks, and devices con-
nected to the busses such as generators, loads, voltage con-
trol devices or other components define internal states and
dynamics of the cells. A characteristic of power networks
that simplifies this analysis is when the coupling between
nodes occurs solely through the power flow equations. This
is not always strictly true as certain devices such as trans-
formers and static VAR compensators are located between
busses, but these devices can often be absorbed into redefi-
nitions of effective busses. In this case the evolution of the
internal states of the devices sees only the voltage phasor
of the bus to which it is connected, and also that the evo-
lution of the voltage phasor depends only on the bus’s own
internal states and the voltages of the other busses to which
it is connected (but not the internal states of those busses).

The nature of the evolutionary equations depend on
the modeling paradigm. The simplest representation of an
operating power grid is its power flow solution. In this sit-
uation real and reactive power generation and consumption
are regarded as constant, and the solution is a set of con-
stant voltage phasors for the nodes. In this context there is
no dynamics at all. Adding internal node dynamics to this
picture results in a differential-algebraic system of equa-
tions (DAE) in which case the equations for thejth node of
the bus take the form

żj = fj(zj ,Vj) (2.1)

0 = Pj + iQj − ΣkVjVkYjk (2.2)

wherezj is the vector of internal states,Vj is the voltage
phasor,Pj andQj are the real and reactive power injection
at the node which can be positive or negative and may de-
pend on internal states and the voltage phasor.Yjk is the
admittance of the line connecting nodej to nodek, which
vanishes if the two nodes are not directly connected.

The assumption of exact solution of the power flow
equations for all times is an approximation that amounts to
regarding the dynamics at the bus as infinitely fast. This can
be a convenient assumption, but is not really justified from
first principles. In fact, there will be nontrivial dynamics on



fast, but finite, time scales that depends in a complicated
way on the specifics of the devices connected to the bus.
The infinitely fast dynamics of the power flow equations is
often justified by arguing that no realistic modeling of the
fast dynamics in general is possible. While this may be so,
there is another solution seen in the literature [1, 2] that has
its own advantages, which is to replace 2.2 with a singu-
larly perturbed version (SPDE) that reflects that the voltage
phasor will exhibit fast dynamics. This type of approxima-
tion cannot be used thoughtlessly (see, e.g., chapter 8 of
[2]), but sufficiently close to a hyperbolic fixed point there
is reason to believe that smooth fast dynamics exist, and a
perturbation of this type can be very useful.

The precise way in which the time evolution of the
phasor components is associated with the mismatch of
power flow is not uniquely determined. However, in some
common situations [2] the lore of the electrical engineering
literature attributes evolution of the phasor angle to the real
power mismatch, and that of the voltage amplitude to the
reactive power mismatch. In this case, the (fully dynami-
cal) equations for thejth node become

żj = fj(zj ,Vj) (2.3)

εθ̇j = Pj − Re(ΣkVjVkYjk) (2.4)

εV̇j = Qj − Im(ΣkVjVkYjk) (2.5)

whereε << 1 is a representation of the separation of fast
and slow time scales.

The equations 2.3-2.5 have many advantages over
2.1-2.2 from the point of view of analysis and simula-
tion. Simulations of DAEs can be hampered by the need
to find good initial conditions which also affects the ability
of such simulations to deal with protection events such as
load shedding or line and generator tripping. Also, being
a smooth dynamical system the tools of nonlinear dynam-
ics such as bifurcation theory can be applied more easily.
Finally, as will be seen below, the methods of differential
geometric control theory can be easily adapted to provide a
means of looking at the node influence problem that is the
heart of this paper.

It should be acknowledged that the nonuniqueness of
the association of the evolution of states to the power mis-
match is somewhat problematic from a modeling point of
view. Mathematically, however, one can think in terms
of “blowups” of singular problems in the sense of Takens
[3]. This theory guarantees that when the techniques are
valid (ie, away from singularities of the DAE [2]) and prop-
erly interpreted any such desingularization can be used to
provide information about the associated DAE. Experience
with these models seems to support these ideas, and we
take the position that any stable blowup of the DAE is an
equally good representative of the fast dynamics as far as
the large scale, long time structure of the network is con-
cerned. Moreover, in the differential geometric context to
be laid out below, many considerations are invariant under
diffeomorphism, so that a wide class of possible desingu-
larizations are equivalent. In fact, the controllability results

we obtain are in a way independent of this choice, though
the details of the dynamical trajectories certainly depend
on it.

3 Affine control model of power flow net-
works

The coupled cell structure allows the full control problem
to be addressed in two stages. The fundamental quanti-
ties at each bus can be taken to be the real and reactive
powers, which are functions of the bus states (ie, the volt-
age phasors) and the internal states. The separation of in-
ternal bus states from grid states suggests the strategy of
using the power injections at each bus as controls at the
network level, and later taking up the problem of tracking
the desired powers by manipulating the inputs of the inter-
nal systems. In other words, we assume we can directly
manipulate the components of the power at the control bus
as inputs. In future work we will take up the problem of
achieving these inputs in a more concrete way that nec-
essarily depends on specific devices attached to each bus.
This is somewhat similar in concept to the use of kinematic
models for mechanical systems where it is often convenient
to assume that velocities are directly accessible as inputs
for the purposes of path planning, and finding force-based
dynamical controllers to track the velocity inputs as a sec-
ondary problem.

In practice, the reasoning in the preceding paragraph
allows us to ignore the presence of the internal states for
the initial controller . We regard the powers either as pa-
rameters or controls, depending on the role of the bus. The
starting point of the simulation is a power flow solution
obtained using standard Newton-Raphson techniques. For
computational and analytic reasons we adopt rectangular
coordinates for the complex phasorsVj = xj + iyj for the
analytical part of the paper. The more familiar polar form
will be used below in the example that concludes the paper.
In the rectangular case the power flow equations depend
only on two types of quadratic polynomials. For notational
simplicity, we define

Djk = xjxk + yjyk

Cjk = xjyk − xkyj

and the equations we consider are

ẋj = Pj + Σk(DjkGjk − CjkBjk) (3.6)

ẏj = Qj − Σk(DjkBjk + CjkGjk) (3.7)

whereGjk is the real part ofYjk (the conductance) and
Bjk is the imaginary part (the susceptance). We have ab-
sorbed the singular parameterε into the definition of the
unit of time which is permissible at this stage since we
are assuming no internal (slow time) dynamics are present.
As mentioned above, the power componentsPj andQj ,
j = 1, 2, . . . , N are either parameters or controls as de-
scribed below.



To construct the affine control system, we assume that
we have control of the inputs at some bus, which we label
as node 1. That is, we identifyP1 andQ1 as control inputs.
Denoting byx the state vector constructed by concatenat-
ing alln = 2N phasor components, whereN is the number
of busses, the resulting control system is

ẋ = f(x) + g1uP + g2uQ (3.8)

whereg1 = (1, 0, 0, . . . , 0)T andg2 = (0, 1, 0, . . . , 0)T

are the control vector fields associated with the inputsuP

anduQ which are the departures of the power inputs from
their equilibrium values.f(x) is the rest of 3.6 and 3.7 after
the control vectors have been isolated and is referred to as
the drift of the affine control system.

Putting the system into this form allows us to address
the question of how manipulating the inputs to node 1 can
affect the state of the system. We use the apparatus of dif-
ferential geometric control. [4, 5, 6] The problem we con-
sider is a type of input-output control. Specifically, we wish
to find control laws for the power inputs at bus 1 that will
steer the voltage phasor at another bus to prescribed val-
ues. We will achieve this by the technique of input-output
linearization.

The theoretical analysis concentrates on the simple
example of a network with chain topology of lengthN .
That is, we assume the admittance matrixYjk is zero un-
less the indicesj andk differ by at most one. We take as
controls the inputs at the endpoint. It will be seen that the
chain network is particularly well suited to these methods,
and that for arbitrary networks, input-output control [6] is
achieved by identifying the chain as the shortest path in a
connected network that links the control bus to the output
bus. This will be discussed further below.

4 Accessibility properties of chain networks

To begin, we define the fundamental object of study:

Definition 1 Thenode accessibility algebraof node 1 is
the smallest involutive, drift invariant distribution that con-
tains the control vector fieldsg1 and g2. Note that this
distribution comprises a Lie algebra.

A fundamental result from differential geometric con-
trol theory is that if the dimension of this distribution isd,
then the system 3.8 can be diffeomorphically put into tri-
angular form in a neighborhood of a regular pointx such
that ann−d dimensional subspace is uncontrolled, and the
reachable set of the control system contains an open subset
of the complementaryd dimensional subspace.The corol-
lary is that when the distribution has full rank, the system’s
reachable set is an open subset of the state space. This is a
necessary condition for controllability.

The simplifying feature of the chain topology is that
the admittance matrix is band diagonal consisting of the
main diagonal and the first super- and sub-diagonals. For
simplicity, we assume the conductanceGjk vanishes for

all links (which amounts to assuming losslessness) and that
the susceptance is the same for all linksBjk = − 1

X which
impliesBjj = nj

1
X , wherenj is the number of nodes con-

nected to nodej [7] . It is easy to see that the controllability
results are independent of these assumptions.

By a further rescaling of time, and defininĝPj =
XPj , we can eliminate the constantX from the equations
and we have a system of the form 3.8 where

f =



P̂1 + C12

Q̂1 + D12 −D11

P̂2 + C21 + C23

Q̂2 + D21 + D23 − 2D22

...
P̂j + Cj,j−1 + Cj,j+1

Q̂j + Dj,j−1 + Dj,j+1 − 2Djj

...
P̂N + CN,N−1

Q̂j + DN,N−1 −DNN



(4.9)

and whereg1 andg2 are defined as above.
We proceed to compute the node accessibility algebra.

Specifically, we prove:

Theorem 4.1 The affine control system corresponding to
the chain power network with inputs given by real and re-
active power increments of the first node is accessible.

Proof: The starting point is the constant distribution
spanned byg1 andg2, which we denote by∆0. This distri-
bution is clearly involutive, but is not drift invariant, so we
first compute the Lie brackets of the drift with the control
fields. To do so, we compute the jacobianJ of f . The band
diagonal structure of the admittance matrix induces a simi-
lar block band diagonal structure of the jacobian. Using the
notation

{Jrs}N
r,s=1

to denote the2× 2 submatrix with rows in subspace of the
rth bus and columns in the subspace of thesth bus, it is
easy to see from 4.9 that

Jr,r+1 =
(

−yr xr

xr yr

)
def= (x⊥r xr) r = 1, 2, . . . N−1,

Jr,r−1 = (x⊥r xr) r = 2, 3, . . . N,

Jr,r =
(

yr−1 + yr+1 −xr−1 − xr+1

xr−1 + xr+1 − 4xr yr−1 + yr+1 − 4yr

)
,

r = 2, 3, . . . N − 1,

J1,1 =
(

y2 −x2

x2 − 2x1 y2 − 2yr

)
,



and

JN,N =
(

yN−1 −xN−1

xN−1 − 2xN yN−1 − 2yN

)
Since the control fields are constant, the brackets of

g1 andg2 with the drift turn out to be the first and second
columns of the jacobian, or

[g1, f ] = J(f)g1 = (y2, x2 − 2x1,−y2, x2, 0, · · · , 0)T

[g2, f ] = J(f)g2 = (−x2, y2 − 2y1, x2, y2, 0, · · · , 0)T

To simplify the subsequent analysis, we do not take
these fields as generators of the accessibility algebra, but
instead useg1 andg2 to simplify the fields by eliminating
the components in the subspace of bus 1. Therefore, we
take as our new distribution

∆1 = ∆0 ⊕ span{g3,g4}

where

g3 = (0, 0,−y2, x2, 0, · · · , 0)T

g4 = (0, 0, x2, y2, 0, · · · , 0)T

or, using the block index notation

(g3)r = x⊥2 δr2

(g4)r = x2δr2

The important observation here is that since
det J21 = |x2|2 these new fields span the state space for
bus 2 as long as the voltage there does not vanish. So by
allowing our direct controls to interact with the drift, we
extend our ability to influence the system by a distance of
one connection.

Now, ∆1 is again involutive but is not drift invariant,
so we continue the procedure by computing the brackets
of g3 andg4 with the drift. Since these new vector fields
are state dependent, we must consider both terms in the
bracket. For example, forg3, we have

[g3, f ] = J(f)g3 − J(g3)f .

The second term is irrelevant for purposes of accessibility
since it always lies in the subspace corresponding to bus 2,
which is already accounted for. The first term consists of
state dependent linear combinations of the third and fourth
columns of the jacobian of the drift. Using the previously
obtained vector fields to eliminate the components in the
subspaces of the first two busses as before we can take as
our new fields

(g5)r = (x2x3 + y2x⊥3 )δr3
(g6)r = (−y2x3 + x2x⊥3 )δr3

Sincedet( (g5)3 (g6)3) = |x2|2|x3|2, it follows that
the two vectors are independent in the subspace of bus 3 as
long as the voltages at bus 3 and bus 2 are nonzero.

The pattern should now be clear. Due to the band-
diagonal nature of the jacobian of the drift, each additional
layer of bracket will extend the span of the accessibility
distribution into the next bus subspace. Moreover, it is easy
to see that

det( (g2r−1)r(g2r)r) = Πr
s=1|xs|2

so that afterN brackets the accessibility distribution will
have full rank.

5 Controllability by feedback linearization

Accessibility is an easily proved property that is the start-
ing point for geometric analysis, but is of limited utility
for control synthesis. In this section we show that the chain
network is in fact controllable via the technique of feedback
linearization. The meaning of linearization in his context
is not an approximation procedure, but refers to finding a
coordinate change and a feedback controller such that the
transformed system is linear. The main purpose of this sec-
tion is to prove:

Theorem 5.1 The affine control system corresponding to
the chain power network with inputs given by real and re-
active power increments of the first node is feedback lin-
earizable [5, 4, 6].

Proof:
The theory of feedback linearizability involves speci-

fication of outputs, though the feedback laws obtained de-
pend on full state feedback, and not just the outputs. For the
chain network with inputs given by the power increments at
one end, the appropriate outputs are the states at the other
end. That is, we supplement the affine control system 3.8
with the outputs

h1(x) = xN

h2(x) = yN

Then the theory of MIMO feedback linearization (we
follow the theory in [5] most closely) states that if the rel-
ative degree vector,(r1, r2), of the system (this will be de-
fined below) obeys the condition thatr1 + r2 = 2N , then
there exist nonlinear state feedback laws

v1 = qP (x) + SP1(x)uP + SP2(x)uQ

v2 = qQ(x) + SQ1(x)uP + SQ2(x)uQ (5.10)

and a local diffeomorphismz = T (x) such that the trans-
formed system is of the form

ż1 = z2 żr1+1 = zr1+2

ż2 = z3 żr1+1 = zr1+2

...
...

żr1−1 = zr1 ż2N−1 = z2N

żr1 = v1 ż2N = v2



wherev1 andv2 are new inputs. This is the Brunovsky form
of the linearized system and allows easy control synthesis
to meet local controllability targets.

To prove the theorem, we need only show the relative
degree result. A two input-two output system has a relative
degree vector(r1, r2), if

Lgj
Lk

fhi = 0 (5.11)

for i, j = 1, 2 and for allk < ri−1, and if the2×2 matrix

S(x) =
(

Lg1L
r1−1
f h1(x) Lg2L

r1−1
f h1(x)

Lg1L
r2−1
f h2(x) Lg2L

r2−1
f h2(x)

)
(5.12)

has rank two.
Sinceg1 andg2 are constant, the Lie derivative of any

function with respect to either one amounts to taking the
partial derivative with respect tox1 and y1, respectively.
Thus, by definition ofh1 andh2, 5.11 is satisfied fork = 0
as long asN > 1.

Fork ≥ 1, from 4.9, the Lie derivatives of the outputs
with respect to the drift are of the form

Lk
f hj = F

(k)
j (xN ,xN−1, . . . ,xN−(k−1)) (5.13)

+ G
(k)
j (xN ,xN−1, . . . ,xN−(k−2))CN−(k−1),N−k

+ H
(k)
j (xN ,xN−1, . . . ,xN−(k−2))DN−(k−1),N−k

for some functionsF (k)
j , G

(k)
j andH

(k)
j which are func-

tions of the variables specified.
In particular,Lk

f hj depends only on the states of the
lastk + 1 busses, which means that there will be no depen-
dence onx1 or y1 for k + 1 < N . Therefore 5.11 will hold
for k ≤ N − 2.

To showS(x) has rank two, note that

LN−1
f hj = F

(N−1)
j (xN ,xN−1, . . . ,x2)

+ G
(N−1)
j (xN ,xN−1, . . . ,x3)C21

+ H
(N−1)
j (xN ,xN−1, . . . ,x3)D21

and it follows that

S =(
−y2G

(N−1)
1 + x2H

(N−1)
1 x2G

(N−1)
1 + y2H

(N−1)
1

−y2G
(N−1)
2 + x2H

(N−1)
2 x2G

(N−1)
2 + y2H

(N−1)
2

)

and

det(S) = |x2|2(H(N−1)
1 G

(N−1)
2 −G

(N−1)
1 H

(N−1)
2 ).

Using 4.9 one can find

G
(k)
j =−yN−(k−2)G

(k−1)
j + xN−(k−2)H

(k−1)
j (5.14)

H
(k)
j =xN−(k−2)G

(k−1)
j + yN−(k−2)H

(k−1)
j (5.15)

from which it follows that

H
(k)
1 G

(k)
2 −G

(k)
1 H

(k)
2 = (5.16)

|xN−(k−2)|2(H
(k−1)
1 G

(k−1)
2 − G

(k−1)
1 H

(k−1)
2 ).

Then, sinceG(0)
1 = H

(0)
2 = 1 andH

(0)
1 = G

(0)
2 = 0,

we have that

H
(k)
1 G

(k)
2 −G

(k)
1 H

(k)
2 = Πk−1

j=1 |xN−(j−1)|2

from which it follows that

det(S) = ΠN−1
j=1 |xN−(j−1)|2 = ΠN

j=2|xj |2

which establishes the relative degree condition as long as
none of the voltages vanish.

6 Example: Input-output control

We illustrate the foregoing methods in this section. In or-
der to deal with networks whose topology is more compli-
cated than a chain, we modify our control goal to that of
input-output (or partial state) linearization.This means we
identify a pair of busses, one whose power components are
specified as inputs, the other whose states are controlled
as outputs. When the foregoing methods are applied, one
finds that the two components of the relative degree vector
will be equal to the number of connections between the se-
lected busses. A feedback control law will exist such that
the outputs will be governed by a linear system whose con-
trols will be realized by the input powers. Since the degree
vector will not generally obey the linearization condition
r1 + r2 = 2N , there will be unobservable and uncontrol-
lable dynamics on some of the state space [4, 6]. That this
is possible, follows from:

Assumption 1 We assume that the control and target
nodes are connected by a unique path of buses of mini-
mal lengthr that we label1, 2, . . . , r. Moreover, any other
paths connecting any of the nodes1, 2, . . . , r with each
other are of length greater thanr.

This assumption is exactly what is needed to ensure
that the proofs of Section 5 remain applicable. In particular,
we have

Theorem 6.1 The states at any bus connected to the con-
trol bus have controllability indices(r, r), wherer is the
minimum number of transmission lines that must be crossed
in going from the control bus to the target bus.

Proof: The only difference is that theF , G andH
functions will also depend on the variables of the busses
that are withinr hops of the target bus, but this will not
affect the values of the indices.

We also have

Theorem 6.2 The matrixS is nonsingular.



Proof: Under the assumption, the recurrences 5.14
and 5.15 still hold, so the computations that follow and the
rank condition continue to be true.

We illustrate this on the 118-bus IEEE test sys-
tem shown in figure 1. The system model was ob-
tained from the Power Systems Test Case Archive of
the Department of Electrical Engineering of the Univer-
sity of Washington, and details can be found on line at
http://www.ee.washington.edu/research/pstca/pf118.

Figure 1. IEEE 118-bus test system with control input (ar-
row) and controlled (star) busses indicated.

Generator and load models in the path between the
control and target busses are modeled as constant power
sources or sinks, while all other generator and load mod-
els are dynamic aggregate models as found in [7, 8]. The
components of the relative degree vector for outputs given
by the components of the target voltage phasor are equal to
the number of connections traversed along the unique path
of minimal length between the control and target busses,
which is 3 in this case.

We choose our control goal as follows. We use closed
loop feedback to set the voltage and angle at the target bus
to specified values that are arbitrarily chosen to be about
10% different than original power flow values. We do this
using a standard PI feedback controller implemented on the
linear system. That is, we convert the state measurements
into the linearizing coordinates, and get the desired controls
from the equationṡv1 = K

(I)
1 (z1 − z

(d)
1 ) + K

(P )
2 ż1 and

v̇2 = K
(I)
2 (z4 − z

(d)
4 ) + K

(P )
2 ż4. Then we use these to

compute the controls as theP,Q increments, and use these
in the nonlinear simulation.

The results are shown in Figure 2.

7 Conclusions

In this paper we have illustrated a method for analyzing the
effects that busses of a power system have on each other
due to the network structure. The initial goal has been to
model the system as simply as possible based on the power
flow equations and show that the apparatus of differential

Figure 2. Response of controlled bus voltage and angle.

geometric control can be applied to the problem of con-
trolling the states of one bus by adjusting the power inputs
of another. For theoretical purposes, we first considered a
simple chain network where these tools worked out partic-
ularly well due to the fact that the system is fully feedback
linearizable. Then in a more general context, similar meth-
ods were applied in the context of input-output decoupling
for a 118-bus IEEE test system.
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